* & ® & & & B 9 @

SYDNEY TECHNICAL HIGH SCHOOL

TRIAL HIGHER SCHOOL CERTIFICATE

2003

MATHEMATICS EXTENSION 2

General Instructions:

Reading time ~ 5 minutes

Working time ~ 3 hours

Write using black or blue pen

Approved calculators may be used

All necessary working should be shown in every question

A table of standard integrals is supplied at the back of this paper
Start each question on a new page

Attempt al Questions | — 8

All questions are of equal value

Fotal marks 120
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Question 1
a) (1) Find J_ dx using the substitution ¢ = tan
cosx+ 2 2
Evaluate:

. 4 dx
(i '{Z 2 —-4x+8

v o4+ xt
(iii} -{] W4-x2 dx
b) Let n be a positive integer and let
2 A
I, = L (log, x}" dx
(i Prove that [, = 2(log, 2)" ~al
(ii)  Hence evaluate j: {log, x)* dx as a polynomial in terms of log, 2
Question 2
a) The complex number z and its conjugate z satisfy the equation
zz+ 2iz =12+ 6i. Find the possible values of z.
b) On an Argand diagram shade the region containing all points representing
complex numbers z such that Re(z) €1 and 0<arg(z +1i) sw;i
T+4i . .
) Express z, = T in the form a + b where a and b are real.
- 20
d) On an Argand diagram sketch the Jocus of the point representing the complex
number z such that ]z -3 i| =+/10. Find the greatest value of [z] subject to
this condition.
&) (i) Given that w is a complex root of the eguation %' =1, show that

w? is als a root of this equation.

(i)  Showthat i+w+w’ =0, and }+w? +w’ =0.

Marks



Question 3 Marks
. 7 1
The cllipse £ has Cartesian equation 7% + 73 =1
a} Find
)] the coordinates of the foci § and §' 1
(iiy  Show that any point P on E can be represented by the coordinates 3
{Scos 9, 4sin 9} and hence or otherwise prove that PS + PS' is a constant.
(itiy  Show that the equation of the normal at the point F on the ellipse is 3
2x Ay
cos@ sin
(iv)  Ifthis normal meets the x axis at M and the y axis at &, prove that 4
PM 16
BN 25

by The region shaded below is rotated about the y-axis to form a solid of revolution.

)/

y =t xc*

/ “\\\1 ”

Using the method of cylindrical shells to caleulate the volume of this solid, show that:

6] The volume & ¥ of a shelf at x is given by
SV = 2n(4x* —x7 )

(i)  Hence find the volume of this solid.

CQuestion 4

a) Let f(x)=-x* +8x~12.0n separate diagrams, and without caleulus,
sketch the following graphs. Indicate clearly any asymptotes and
intercepts with the axes.
{t) y= fix)
()  ye=|fix)

@iy y'=f(x)

1
iz

{iv) y=

) y=e’", glving the coordinates of any turning points by not using caleulys.

b) Given p + ¢ 22y pg if p and g are positive real numbers

aich
(i ~ Showthat e* +e" 22¢ > forall real o and b

(iy  Hence find the minimum value of ¢ +¢™ +1+ ¢ + ¢* for all real x,

Question §

a)

A stone building of height H metres has the shape of a flat tpped square ‘pyramid’ with
curved sides as shown in the figure. The cross-section at height & metres is a square with

sides parallel to the sides of the base and of length [, /= L where L is the side length
eSS
of the square base in metres,
(i Write an expression for the volume of a sfice at height 2 metres.

(iiy  Hence find the volume of the building in terms of L and ¥,



Question 5

b)

&)

d

The Fibonacei Sequence, £, is defined by:

F=1
F, =]
Foa=F +F forall nz1

(i) Write down the first 12 terms of the sequence

(i)  Prove, by mathematical induction, that for all positive integers, #,
F,, isdivisible by 3.

fd
Find [309 49

cos' 9
Consider the function of y = tan™ (tan x)
(i) What is its period?

(i) Hence sketch the function for - 2nr S x < 2w

Question 6

The equation x° +2x~1=0 hasroots @, 8, and y . In each of the following cases, find an

equation with integer coefficients having the roots stated below.

a)

b)

{i} Mﬂv"ﬂ’"?
iy a,-o B.~B.r.-v

iy o« gLy

(1 Prove that [ and —1 are both roots of maltiplicity 2 of the polynomial

Plx)=xt -3x% 42
(i)  Fxpress P(x) as the product of irreducible factors over the field of
() rational numbers

(/)  complex numbers

Im{z) A

©)

r

Alz ,J

.Q(zz)
{z)

»
r

Relz)

AC10)

In the Argand diagram above, A OQR is constructed similar to A OAP.
Show that

@ lal=lal

(iy arg z, =args +argz,

(iif) ~ What is the significance of these results?

Question 7

The figure shows two towns located at B and C. BCD is an equilateral triangle.
A road junction is to be placed at P, somewhere on the minor arc BC of the

circumscribed circle of the triangle BCD.

Q

Let BP, CP and DP have lengths x, v, 7 respectively.
The point Q is on the line PC, extended so that BP and CQ have

the same length x. Let < PBC = .



Question 7 {cont)

4) (i)  Show that <BPD = < CPD =60°
(i) Find <DCQinterms of &
{(iiiy  Prove APBD =A QCD.
(iv)  Prove ADPQ is equilateral
(¥ Nowshowthat z=x+y
b) Owing to the tides, the depth of water in an estuary may be assumed to rise
and fall with time in simple harmonic motion.
At a certain place there is a danger of flooding when the depth of the water is
above 1.25m. One day high tide was 1.5m at aro and the following low tide
was {,5m at 7:30am.
(i) Find the amplitude in metres and period in minutes of this tidal motion.
(i)  Hence find between what times after 1am was there no danger of flocding.
) Find | 12X o
1-vx
Question 8
. . st ad g PR A
a) (i) Find the 1™ and 2™ derivatives of P(x}= ”y + T + Y +XAC
(i)  Hence or otherwise show that P(x) =0 has not real roots if ¢ > %
b) ()  Write down in mod-arg form, the five roots of z° ~1=0

(ii) By combining appropriate pairs of these roots, show that for z = 1,

2z -1

=(zt w«?.z’{:c>s~2£+1) (z* ~22¢os5£+1)
z—1 5 5

(i)  Deduce that coszsﬁ and cos%ﬁ: are the roots of the equation

4x* +2x-1=0

STANDARD INTEGRALS

[ra
fhe
J

L
x

e™ dx

fcos axdx
J sinax dx

jseczax dx

1
secar tanaxdx = ESGCR}C, a#0

1
dx
Jazwcz

n+l

=lnx, x>0

|
=—e™, gz
a

I,

=-—ginar, a#0
a
1

= 008X, awxi}

i
= —&tanax, w0

P
= —tan"t =
a {0

s X

2 nE -l

,oazl

xx0 itn<h

= 5in” 5 a»0, —a<x<a

FMWME), x>»a>{

= iﬂ(x%--w;z —

a ln{x+wfx2 +az}

NOTE : hx=log, x,

12
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